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Abstract. In this paper we show that associated spaces and dual spaces of the local
Morrey-type spaces are so called complementary local Morrey-type spaces. Our method is
based on an application of multidimensional reverse Hardy inequalities.
Keywords: local Morrey-type spaces, complementary local Morrey-type spaces, associ-
ated spaces, dual spaces, multidimensional reverse Hardy inequalities
MSC 2010 : 46E30, 26D15
1. Introduction
In the theory of partial differential equations, along with the weighted Lebesgue
spaces, generalizedMorrey spaces also play an important role. These spaces appeared
to be quite useful in the study of the local behavior of the solutions to elliptic partial
differential equations, apriori estimates and other topics in the theory of PDE.
In [1] local Morrey-type spaces LMpθ,ω were defined and some properties of
these spaces were studied. The authors investigated the boundedness of the Hardy-
Littlewood maximal operator in these spaces. After this paper there was an intensive
study of boundedness of other classical operators such as the fractional maximal
operator, Riesz potential and Calderón-Zygmund singular integral operator (see [1],
[3]–[6], [9]–[12]).
Later in [2] so called complementary local Morrey-type spaces ∁LMpθ,ω were intro-
duced and the boundedness of fractional maximal operator from complementary local
The research of A. Gogatishvili was partially supported by the grants no. 201/05/2033
and 201/08/0383 of the Grant Agency of the Czech Republic, and by the Institutional
Research Plan no. AV0Z10190503 of AS CR. The research of R. Mustafayev was sup-
ported by a Post Doctoral Fellowship of INTAS (Grant 06-1000015-6385) and by the
Institutional Research Plan no. AV0Z10190503 of AS CR.
609
Morrey-type space ∁LMpθ,ω to local Morrey-type space LMpθ,ω was investigated. As
the definition of the space ∁LMpθ,ω used the complement of the ball instead of the
ball, it was named complementary local Morrey-type space and no relation between
LMpθ,ω and
∁LMpθ,ω was studied.
In this paper we characterize associated spaces and dual spaces of local Morrey-
type spaces and complementary local Morrey-type spaces. More precisely, we show
that associated spaces of local Morrey-type spaces LMpθ,ω are complementary lo-
cal Morrey-type spaces ∁LMp′θ′,ω̃ (see Theorem 4.3). Moreover, for some values of
parameters these associated spaces are duals of local Morrey-type spaces (see Theo-
rem 6.1).
The paper is organized as follows. We start with notation and definitions of the
local Morrey-type spaces and complementary local Morrey-type spaces in Section 2.
In Section 3 we formulate known results about multidimensional reverse Hardy in-
equalities and give some corollaries of them, and in Section 4 we use these corollaries
to characterize the associated spaces of local Morrey-type spaces and complementary
local Morrey-type spaces. We prove completeness of the local Morrey-type spaces,
as well as that of complementary local Morrey-type spaces in Section 5. Finally, we
characterize the dual spaces in Section 6.
2. Notation and Definitions
Let E be a nonempty measurable subset on Rn and let f be a measurable function






, 0 < p < +∞,
‖f‖L∞(E) := sup{α : |{y ∈ E : |f(y)| > α}| > 0}.
If I is a nonempty measurable subset on (0, +∞) and g is a measurable function
on I, then we define ‖g‖Lp(I) and ‖g‖L∞(I) correspondingly.
For x ∈ Rn and r > 0, let B(x, r) be the open ball centered at x of radius r and
∁B(x, r) := Rn \ B(x, r).
Let us recall the definitions of local Morrey-type space and complementary local
Morrey-type space.
Definition 2.1 ([1]). Let 0 < p, θ 6 ∞ and let w be a non-negative measurable
function on (0,∞). We denote by LMpθ,ω the local Morrey-type space, the space of
all functions f ∈ Llocp (R
n) with finite quasinorm






Definition 2.2 ([2]). Let 0 < p, θ 6 ∞ and let w be a non-negative measurable
function on (0,∞). We denote by ∁LMpθ,ω the complementary local Morrey-type
space, the space of all functions f ∈ Lp(
∁B(0, t)) for all t > 0 with finite quasinorm





Definition 2.3. Let 0 < p, θ 6 ∞. We denote by Ωθ the set all non-negative
measurable functions ω on (0,∞) such that
0 < ‖ω‖Lθ(t,∞) < ∞, t > 0,
and by ∁Ωθ the set all non-negative measurable functions ω on (0,∞) such that
0 < ‖ω‖Lθ(0,t) < ∞, t > 0.
Now we make some conventions. Throughout the paper, we always denote by c a
positive constant which is independent of main parameters, but it may vary from line
to line. By A . B we mean that A 6 cB with some positive constant c independent
of appropriate quantities. If A . B and B . A, we write A ≈ B and say that A and
B are equivalent. Constant with subscript such as c1, does not change in different
occurrences. For a measurable set E, χE denotes the characteristic function of E.







if 0 < p < 1,
+∞ if p = 1,
p
p − 1
if 1 < p < +∞,
1 if p = +∞,
and 1/(+∞) = 0, 0/0 = 0, 0 · (±∞) = 0.
3. The multidimensional reverse Hardy inequality
In this section we formulate known results for multidimensional reverse Hardy
inequalities and give some corollaries which will be used in the next section.
Theorem 3.1 ([8], Theorem 4.1). Assume that 0 < q 6 p 6 1. Let ω and
u be weight functions on Rn and (0,∞), respectively. Let ‖u‖Lq(0,t) < +∞ for all
t ∈ (0,∞). Then the inequality















The best possible constant c in (3.1) satisfies c ≈ A1.
From Theorem 3.1 we get the following Corollary.




























On the other hand, since θ/p 6 1/p 6 1, by Theorem 3.1 the inequality














































In such a case we shall write a condition characterizing the validity of the inequal-
ity (3.1) in a compact form involving
∫
(0,∞)
f dh, where f(t) = ‖w‖rLp′(B(0,t))
and
612





f dh is defined by the non-decreasing and right-
continuous function h on (0,∞).
However, it can happen that ‖u‖Lq(0,t+) = 0 for all t ∈ (0, c) with a convenient
c ∈ (0,∞) (provided that we omit the trivial case when u = 0 a.e. on (0,∞)). Then
we have to explain what is the meaning of the Lebesgue-Stieltjes integral since in
such a case the function h = −∞ on (0, c). To this end, we adopt the following
convention.
Convention 3.3. Let I = (a, b) ⊆ R, f : I → [0, +∞] and h : I → [−∞, 0].




f dh means the usual Lebesgue-Stieltjes integral. However, if h = −∞
on some subinterval (a, c) with c ∈ I, then we define
∫
I
f dh only if f = 0 on (a, c]






Theorem 3.4 ([8], Theorem 4.4). Assume that 0 < p 6 1, p < q 6 +∞ and r is
given by (3.3). Let ω and u be weight functions on Rn and (0,∞), respectively. Let
u satisfy ‖u‖Lq(0,t) < +∞ for all t ∈ (0,∞) and u 6= 0 a.e. on (0,∞). Then the












The best possible constant c in (3.1) satisfies c ≈ A2.






















P r o o f. The proof follows from Theorem 3.4 in a similar way as in the proof of
Corollary 3.2. 
Remark 3.6. Let q < +∞ in Theorem 3.4. Then














Our next assertion is a counterpart of Theorem 3.1.
Theorem 3.7 ([8], Theorem 5.1). Assume that 0 < q 6 p 6 1. Let ω and u
be weight functions on Rn and (0,∞), respectively. Let ‖u‖Lq(t,∞) < +∞ for all
t ∈ (0,∞). Then the inequality







holds for all non-negative measurable g on Rn if and only if






The best possible constant c in (3.4) satisfies c ≈ B1.
From Theorem 3.7 we conclude the following statement.











P r o o f. The proof is similar to the proof of Corollary 3.2. We just need to use
Theorem 3.7 instead of Theorem 3.1. 
Let us denote by ‖u‖Lq(t−,∞) := lims→t−
‖u‖Lq[s,∞), t ∈ (0,∞). The following theo-
rem is true.
Theorem 3.9 ([8], Theorem 5.4). Assume that 0 < p 6 1, p < q 6 +∞ and r is
given by (3.3). Let ω and u be weight functions on Rn and (0,∞), respectively. Let
u satisfy ‖u‖Lq(t,∞) < +∞ for all t ∈ (0,∞) and u 6= 0 a.e. on (0,∞). Then the













The best possible constant c in (3.4) satisfies c ≈ B2.
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Remark 3.10. Let q < +∞ in Theorem 3.9. Then
















From Theorem 3.9 we get the following corollary.























P r o o f. Using Theorem 3.9 we can get the statement as in the proof of Corol-
lary 3.2. 
4. Associated spaces of local Morrey-type spaces
In this section by using results of the previous section we calculate the associated
spaces of local Morrey-type spaces and complementary local Morrey-type spaces.
Let (R, µ) be a totally σ-finite non-atomic measure space. LetM(R, µ) be the set
of all µ-measurable a.e. finite real functions on R.
Definition 4.1. Let X be a set of functions from M(R, µ), endowed with a
positively homogeneous functional ‖ · ‖X , defined for every f ∈ M(R, µ) and such
that f ∈ X if and only if ‖f‖X < ∞. We define the associate space X
′ of X as the




|fg| dµ : ‖g‖X 6 1
}
.
In what follows we assume R = Rn and dµ = dx.
The following theorem is true.
Theorem 4.2. Assume 1 6 p < ∞, 0 < θ 6 ∞. Let ω ∈ ∁Ωθ. Set X =
∁LMpθ,ω.
615
























P r o o f. (i) Let 0 < θ 6 1. Since






it remains to apply Corollary 3.2.
(ii) Let 1 < θ 6 ∞. The statement follows from (4.1) and Corollary 3.5. 
Theorem 4.3. Assume 1 6 p < ∞, 0 < θ 6 ∞. Let ω ∈ Ωθ. Set X = LMpθ,ω.































it remains to apply Corollary 3.8 (when 0 < θ 6 1) or Corollary 3.11 (when 1 <
θ 6 ∞). 
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5. Completeness of local Morrey-type spaces
In this section we prove completeness of the local Morrey-type spaces and com-
plementary local Morrey-type spaces.
The following theorem is true.
Theorem 5.1. Let 1 6 p < ∞, 1 6 θ 6 ∞ and ω ∈ Ωθ. Suppose fn ∈ LMpθ,ω













In particular, LMpθ,ω is complete.
P r o o f. It is easy to see that for any R > 0








In view of the completeness of Lp(B(0, R)), we get that
∞∑
n=1
fn converges a.e. to some





Since R is arbitrary, the function f =
∞∑
n=1
































when m → ∞, we get that
∞∑
n=1
fn converges in LMpθ,ω to a function f . 
The following theorem can be proved in analogous way.
Theorem 5.2. Let 1 6 p < ∞, 1 6 θ 6 ∞ and ω ∈ ∁Ωθ. Suppose fn ∈
∁LMpθ,ω















In particular, ∁LMpθ,ω is complete.
6. Dual spaces of local Morrey-type spaces
In this section we show that for some values of the parameters the dual spaces
coincide with the asssociated spaces.
The following theorem is true.














Moreover, ‖f‖∁LMp′θ′,ω̃ = supg
∣∣∫
Rn fg
∣∣, where the supremum is taken over all func-
tions g ∈ LMpθ,ω with ‖g‖LMpθ,ω 6 1.
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P r o o f. Assume 1 < θ < ∞. If f ∈ ∁LMp′θ′,ω̃ and g ∈ LMpθ,ω, then by




|fg| 6 c‖f‖∁LMp′θ′,ω̃‖g‖LMpθ,ω .
In particular, every function f ∈ ∁LMp′θ′,ω̃ induces a bounded linear functional
on LMpθ,ω.
Conversely, suppose L is a bounded linear functional on LMpθ,ω with the norm
‖L‖ < ∞. If g is supported in D0 =




Hence L induces a bounded linear functional on Lp(
∁B(0, r0)) and acts with some
function f0 ∈ Lp′(
∁B(0, r0)). By taking Dj =
∁B(0, r0/j), j = 1, 2, 3, . . ., we have
f j = f j+1 on Dj , so we get a single function f on Rn that f ∈ Lp′(∁B(0, r)) for any
r > 0, and such that L(g) =
∫
Rn fg when g ∈ Lp(
∁B(0, t)) with support in ∁B(0, t)
for any t > 0.
Now we show that f ∈ ∁LMp′θ′,ω̃. For g ∈ LMpθ,ω and any n ∈ N, denote by




gn sgn(f)f = L(gn sgn(f)).
But L bounded on LMpθ,ω, so
(6.2)
∫
|gnf | 6 c‖L‖‖gn sgn(f)‖LMpθ,ω 6 c‖L‖‖gn‖LMpθ,ω .
It is evident that 0 6 gn ր |g|, n → ∞ a.e. in Rn. By the monotone convergence
theorem we see that the left-hand side and the right-hand side of (6.2) converge to∫
|gf | and c‖L‖‖g‖LMpθ,ω, correspondingly. Hence
(6.3)
∫
|gf | 6 c‖L‖‖g‖LMpθ,ω , g ∈ LMpθ,ω.
This, together with Corollary 3.11, implies that f ∈ ∁LMp′θ′,ω̃.
The argument at the beginning of the proof shows that the linear functional
Lf (g) =
∫
fg induced by f belongs to (LMpθ,ω)
∗. Now we need to prove that
Lf and L coincide on the whole LMpθ,ω. For g ∈ LMpθ,ω and any n ∈ N, denote
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by gn(x) = g(x)χB(0,n)\B(0,1/n). It is evident that gn → g, n → ∞ a.e. in Rn.
By Lebesgue’s dominated convergence theorem, we get that ‖g − gn‖LMpθ,ω → 0,
n → ∞. Therefore
(6.4) L(gn) → L(g), n → ∞.









|f(g − gn)| 6 c‖f‖∁LMp′θ′,ω̃‖g − gn‖LMpθ,ω → 0.
Since gn ∈ Lp(




Consequently, from (6.4) and (6.5) we obtain
L(g) =
∫
fg = Lf (g).
When θ = 1 the statement can be proved analogously by applying Corollary 3.8
instead of Corollary 3.11. 
In a similar manner the following theorem is proved.
Theorem 6.2. Assume 1 6 p < ∞ and 1 6 θ < ∞. Let ω ∈ ∁Ωθ and




















∣∣, where the supremum is taken over all functions
g ∈ ∁LMpθ,ω : ‖g‖∁LMpθ,ω 6 1.
Remark 6.3. Set
LM◦p∞,ω := {f ∈ LMp∞,ω : ‖f − fn‖LMp∞,ω → 0, n → ∞},
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where fn = fχ{x∈Rn : 1/n<|x|<n}. Assume 1 6 p < ∞. Then from the proof of
Theorem 6.1 it follows that
(6.7) (LM◦p∞,ω)
∗ = ∁LMp′1,ω̃.
Remark 6.4. Let us show that
LM◦p∞,ω(R
n) $ LMp∞,ω(Rn).
For simplicity we consider one-dimensional case and ω(t) = t−λ, 0 < λ < 1. Denote




















(see [7] and [8], for instance), we have
‖f‖LMp∞,λ(R) ≈ sup
m∈Z
2−(m+1)λ2mλ−m/p(3 · 2m−1 − 2m)1/p = 2λ−1/p.
On the other hand, using (6.8), we get














= 2−(n+1)λ2nλ−n/p(3 · 2n−1 − 2n)1/p = 2λ−1/p,
that is,
‖f − f2n‖LMp∞,λ 6→ 0.
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